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Background: Matrix exponential

For A € C**", define
.1
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e = exp(A) := _'A3:I—|—A—|-§A2—I—EAS-I----
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(It can be shown that this power series is globally convergent.)

If A e C"™*" is diagonalizable, i.e., there is an invertible V € C™*" such that
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A=V _ V=t then, e




Background: Matrix exponential

The matrix exponential arises as the solution to the ODE:
T = Ax(t), z(0) = x9 € C"

Then, the solution is
z(t) = ey,

More generally, let A € C**™ and B € C*¥. Let u(t) € C* for t > 0 be given. Then, the ODE
z(t) = Ax(t) + Bu(t), z(0) =z € C"

IS solved by the variation of parameters formula

t
z(t) = exg +/ e Bu(s) ds
0



Background: ODE discretization

Let A € C™ and B € C"*k and consider the linear time-invariant ODE
t(t) = Az(t) + Bu(t), z(0) = xg € C"

For any t = 0 and At = 0, the solution satisfies

t+At
x(t+ At) = x(t) + / Ax(s) + Bu(s) ds

An ODE discretization (integrator) is a scheme for approximating this formula.



Background: ODE discretization
x(t+ At) = z(t) + /HAt Ax(s) + Bu(s) ds

Forward Euler discretization:

z(t + At) =~ (I + AtA)x(t) + AtBu(t)
derived from

x(t + At) =~ x(t) + At(Ax(t) + Bu(t))



Background: ODE discretization
x(t+ At) = z(t) + /H/—\t Ax(s) + Bu(s) ds

Backward Euler discretization:
o(t + At) ~ (I — AtA) 'z (t) + At(I — AtA) "' Bu(t + At)

derived from
z(t + At) = x(t) + At(Az(t + At) + Bu(t + At))

However, the HIPPO paper uses

r(t+ At) = (I — AtA) tz(t) + At(1 — AtA) "' Bu(t)

A. Gu, T. Dao, S. Ermon, A. Rudra, and C. Ré, HiPPO: Recurrent memory with optimal polynomial projections, NeurlPS, 2020.



Background: ODE discretization
x(t+ At) = z(t) + /H/—\t Ax(s) + Bu(s) ds

Bilinear discretization:

2(t+At) ~ (I—%A)_l(I+%A>x(i)+At(I—% )_IB%(u(t)—l—u(t—l—At))
derived from
z(t + At) = z(t) + At (A% (z(t) + z(t + At)) + B% (w(t) + u(t + At)))

However, the HIPPO paper uses

o(t+ At) ~ (1 _ %A) - (1 + %A)az(t) + At([ - % )_lBu(t)

A. Gu, T. Dao, S. Ermon, A. Rudra, and C. Ré, HiPPO: Recurrent memory with optimal polynomial projections, NeurlPS, 2020.



Background: ODE discretization
x(t+ At) = z(t) + /HAt Ax(s) + Bu(s) ds

Generalized Bilinear Transformation (GBT) with « € (0,1)
r(t+ At) = (I — AtaA) NI + At(1 — a)A)z(t) + At(I — AtaA) "t Bu(t)

derived from
z(t + At) ~ z(t) + At (A((l — a)z(t) + az(t + At)) + Bu(t))



Background: ODE discretization
x(t+ At) = z(t) + /HAt Ax(s) + Bu(s) ds

Zero-order hold (ZOH)

At
z(t + At) = 2z (t) + (/ e ds) Bu(t)
derived from AO .
z(t + At) = e2tz(t) + / eB=DABy(t + 5) ds
0

and the approximation that u(s) = u(t) for s € [t,t + At].

If Ais invertible,
z(t + At) ~ 2z (t) + (eAtA — I) A~ Bu(t)



Background: Inner product spaces

Inner product of vectors x,y € R
d
<£L‘, y> - Zizl LiYi

For f : R - R and g: R — R, define the inner product with respect to a measure u as
(e i= [ F@o@) du@) = [ f@)g(e) duto)

In this class, the measure u will always have density w.
In other words, du(x) = w(x)dx (with w(x) = 0 everywhere) and

<ﬁmwzﬂgummwwwm=[ffmmuwmnm
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Background: Inner product spaces

We say f, g are orthogonal (with respect to u) if
<f7 g)# — O

We define a function norm ||-||, as

||f||,u F= <f:f>,u

We say f is normalized (with respect to u) if

||f||u =1l
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Background: Orthogonal polynomials

Orthogonal polynomials with respect to u are a sequence of polynomials {P,};-, such that

degP,, = n, (P;, Pj),, =0 for i # j.

We say {P, };,-o are orthonormal polynomials if every B, is normalized, i.e., if ||B,[[, = 1 for
n=20,12,...

The measures of primary interest are
w(z) =11 1)(2) (Legendre)

w(z) = 1,0y (x)e™™  (Laguerre)

w(x) = 1(_1,1)(:1:')\/11_7 (Chebyshev)



Background: Orthogonal polynomials

In fact, every measure induces a unique sequence of orthonormal polynomials. This can be
found by orthogonalizing the monomial basis with Gram-Schmidt with respect to (,-),,.

Example) Laguerre orthonormal polynomials:

Lo((L‘):l
Li(z)=1—2x
372
LQ(QE):?—2ZU—|-1
3 3 2
Lg(g;):—x + I 3p 41
4 2 3
La(z) = — - 22 4322 —dg +1
24
x° 54 x5
Ls(z) = —— - 5x? — bz + 1
(@) =gt 57 ~ 3 TO —5e+
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Background: Orthogonal polynomials

Let {P,}.—,, orthogonal polynomials with respect to u, and f be given.

The best degree-(N — 1) polynomial approximation of f, precisely defined as the solution to

pnnice) If =gl
can be obtained by N
= <f7 P’L)
g(x) = Z ¢; P;(x), o5 = ||P'||2#
i=0 el

14



Background: Orthogonal polynomials

Pseudo-proof) Assume f) =) c;Pi(x)
Then, o TV 2
(f, Pj) = ZcxPz,P ) = cillPill
1=0
gives us the formula to compute cg, ¢y, ... If g(z Z ¢, Py(x), then
|f9i—<zc@P Z i — ¢ PMZC@P Z >
I
N—1
- ZC?HR‘HQ > (e = IR
i=N 1=0

is minimized with ¢; = ¢; fori =0,...,N — 1.
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Example) Polynomial approximation

The following is an example of approximating a step function with Legendre polynomials.

—— Step function
deg 0 apx.
deg 1 apx.
— deg 3 apx.
— deg 21 apx.

— deg 51 apx.

= - = L it 1 1 1 Il 1 1 I 1
_ - O : .
- _ 1.0




RNNSs vs transformers language models

RNNs have an advantage over transformers in one regard.

« More efficient inference (sequence generation).
« Generation cost depends linearly on sequence length.

Transformers outperform classical (LSTM- or GRU-based) RNNSs for two main reasons.

« TF allows efficient parallel computation during training.
« Classical (non-linear) RNNs are inherently sequential. We return to this point later.

 RNN hidden state is unable to faithfully retain sequence information.
* Long shot-term memory is not long enough.

17



Memory units

What if we add memory units to RNNs so that they can maintain longer memory of the input
sequence, longer than the hidden state of LSTMs?

Assume {f;}5_, or {f (£)}tef0.17 IS @n input sequence. A transformer architecture has no

compression or memory mechanism; the {q,};_,, {k,}s_,, {v,}5_, vectors derived from
{f+};—, are all accessible from all time-steps.

Use the notation f., = {f1, ..., fz} and f<; = {f (1) };¢[0,¢] 0 denote the inial part of the signal.

Assume ¢, € CN or c(t) € CV is a “summary” or “memory” of f-, or f-;.
How do we know the summary is good?

18



Memory units with online function
approximation

Conceptually, we say c(t) € C" is a good summary of f., if there is a reconstruction
mechanism

c(t) » for
such that £, ~ f.,.

Online function approximation has two goals:
1. Find c(t) € RY that is a good summary of f.;.
2. Update c(t) online.

A. Voelker, I. Kaji¢, and C. Eliasmith, Legendre memory units: Continuous-time representation in recurrent neural networks, NeurlPS, 2019.
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High-order polynomial projection
operators (HIPPO) framework

For every t > 0, let u(® be a time-varying measure supported on [0, t]. (So w(t,x) > 0 only
onx € [0,t] and w(t,x) = 0 for x ¢ [0, t].)

We seek to find some polynomial g(® of degree at most N — 1 that minimizes the
approximation error : || f<¢ — ¢V L

We let c(t) € RY be the coefficients of orthonormal polynomials {Pi(t)} defined with respect
to the measure u(®:

N-—-1 t
gD@) =Y PP, @)= {f,PD) 0 = (<o B o = /0 ()P (z)w(t, ) da
1=0

A. Gu, T. Dao, S. Ermon, A. Rudra, and C. Ré, HiPPO: Recurrent memory with optimal polynomial projections, NeurlPS, 2020.
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On-line calculation of c(t)

Re-computing c(t) at every time t would be infeasible.

For the measures u® of interest, incredibly, the dynamics of ¢(t) can be described by the
ODE

—C(t) — A(t)C(t) + B(t)f(t), A(t) c RNXN’ B(t) c RNXl

In the following, we derive the above ODE with uniform measure (HIPPO-LegS):
Ww(z) = w(t,z) = L1 4(x)

21



Legendre Polynomials

The Legnedre Polynomials (P,),,-q 1 .. are defined by the following conditions:

punn

P0($) =1
P,(1) =

' 1
P, (x) is a polynomial of degree n such that )
|- Po(x)Pp(x)dz =0 (m <n)
These conditions give n+1 equations, determining a unique polynomial of deg n.

There are other ways to define Legendre Polynomials, e.g. solutions to Legendre’s differential
equation: (1 — z*)P"(z) — 22P! (z) + n(n + 1)P,(x) = 0.

Po(.’E) =1
Examples) 1@ -
PQ(QJ'):§(3$2—1) 1 1 1 5 3
. / Py(x)P3(x)dx 2/ —(152° — 142° 4+ 3x)dx = 0
Ps(x) = 5(5333 — 3x) -1 14
Py(z) = é(35x4 — 302 + 3)
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Properties of Legendre Polynomials

The Legnedre polynomial B, satisfies:

1 1
2n2+ / P, (x) Py (x)dx = dpm
1

(2n +1)Py(2) = Phoy(x) = Ph_y(z)  (Legl)

for n = 0 (with PZ; = 0), which implies
P i(z)=02n+1)P,(z) + (2n — 3)Py_a(x) + - - - (Leg2)

where the sum stops at P, or P;.
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Properties of Legendre Polynomials

P i(z)=02n+1)P,(z) + (2n — 3)Py_a(x) + - - - (Leg2)
Also,
Pr1(z) = (n+1)Py(z) + 2P, (z)  (Leg3)
for n > 0, which (by adding P, (x) to both sides) implies

(z+ 1) P, (z) = Ppiq(z) + P(z) — (n+ 1) Pu(a)

Now we apply (Leg2) twice on RHS to get:
(x+ 1P () =nP,+2n—1)P,_1+ (2n —3)P,_o +--- (Leg4)
where the sum stops at P,.

24



Derivation for HIPPO-LegS

Recall, dut(x) = w(t, x)dx by
1
w(t,z) = El[o,t] (2)

and let

gn(t,x) = man(z—w — 1)

t

where P, are basic Legendre polynomials. Then {g,,(t,")},,eny form an orthonormal basis with
respect to the measure ut.

25



Derivation for HIPPO-LegS

First,
%w(t, )= =t + 10 =t (—w(t, ) + 6)

results in /OOO f(x)gn(t,x)%w(t, r)dr = —t /000 f(@)gn(t, x)w(t, z)de + 1 ]OOO f(x)gn(t,x)0:(x)dz
= —t e, (t) +tTHF(t)gn(t, t)

P Moreover, X 9
agn(t,x) = —(2n+1)22xt 2P, (T — 1)

— —(2n+1)3¢ ! ((2756 —1) + 1) r (2758 - 1)

_258

= —(2n+1)2t7 (2 + 1)PL(2) (Z = - )

= —2n+ D)2t ' nP(2) + 2n — DP_1(2) + (2n — 3)Ps_o(2) +---]  (by Leg4)

26



Derivation for HIPPO-LegS

Then for fixed n, we have
o) =5 [ F@an(t0)dn (@) = / @) @uga(t. o)t a)do+ [ f@)onlt,a) Ous(t,z) de
= (£, 0:9n(t,)) pr =t lenlt) + 171 f () gn(t, 1)
— 7 2n+1)3 [(Qn—l—l) F, gn(t,)) + (20 — 1)

—t7 e (t) + T f(B)gn(t, 1)
—tH(2n + 1) 2n+1)"2¢,(t) + (2n —1)2¢

_ ( {
—t 7 en(t) + 7 f(t)gn(t,t)
_ ( {

N)l)—\
b=
b~

<fagn—1(t>')>(2n_ ) (f In— 2( )>‘|‘}

l\DlH
l\J|I—'

(ﬂ'+(2n——3)%cn_2@j4_.”}

D=

—t7 20+ 1)} [(n+ D)@n+ 1) hea®) + 20— D¥eas () + @n—3)dena(t) + |
FN(2n+ 1)7 f(2),

as g, (t,t) = (2n+1)2P,(1) = (2n + 1)7.

l\JlH
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Derivation for HIPPO-LegS

Gathering the results for all n, we have

where

d 1 1 N
%c(t) = —;AC(t) + EBf(t)a c(0)=0€eR

(2n+1)2(2k+1)7 ifn >k
n—+1 ifn==k B, = (2n+1)2
0 ifn <k

\
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Scaled Legendre Measure

Summary: LegS
£
Scaled Legendre (LegS) measure assigns =
uniform weight to entire history: t L >
o(ta) = Hpg@) Lo =7 [ f@gla) do
Summary of LegS HiPPO update: 1] )

d 1 1 N
%c(t) = —;AC(t) + zBf(t)a c(0)=0€eR

(2n+1)2(2k+1)7 ifn >k
A =<{n+1 ifn="k B,=(2n+1)2
0 if n < k

\

f(z) = Z_ cn(Opn(t,z),  x €0, Pu(t,x) = (2n+1)2 P, (27‘73 - 1)

where {P,},en IS the Legendre polynomials 29



Translated Legendre Measure

Summary: LegT

Translated Legendre (LegT) measures assigns /
uniform weight to [t — 7, t], most recent history:

f(t)

1 (to) Il(ti)
W(t,LE) — ;1[1;—7',1&] ([L‘) ‘ \—/
1 [t 1 [t
g == [ S@gla)ds== [ fa)g(a) da o
T Jt—r T Jmax{t—7,0}

(The second equality holds if we assume that f(x) = 0 for x < 0.)
Summary of LegT HIPPO update:

%c(t) = —Ac(t) + Bf(t), c(0)=0¢€eR"
(=D k2n+1) ifn>k 1 Cn
A”k?{2n+1 if n <k Bn = 220+ 1)(=1)
~ — _ 1/2 2(z — )
flx) = Z cn(t)gn(t, ), r € [t—T,t] gn(t,x) = (2n+1)"7“P, ( . + 1

where {P,},,en IS the Legendre polynomials



Translated Laguerre Measure

Summary: LagT
Translated Laguerre (LagT) measures uses % W
the exponentially decaying measure, assigning i
more importance to recent history. . t 4
t t
wt,z) =e 721 4 {(f, 9 uw = / e f(x)g(x) do = / e” " f(x)g(x) da
— 00 0

The second equality holds if we assume that f(x) = 0 for x < 0.

Summary of LagT HiPPO update:

ic(t) = —Ac(t) + Bf(1), c(0)=0€cRY

dt
] >
0 iftn<k

f() ~ Z_j ea®pn(tyz), € [0,1] pu(t,2) = Ln(t — ) .

where {L,},cn are the Laguerre polynomials



Summary: Translated Fourier

The Fourier basis e?™* (forn = 0, ..., N — 1) can be seen as an orthogonal polynomials
basis z™ with respect to the uniform measure on the unit circle {z € C||z| = 1}. By a change
of variable z = e2™* (and thus changing the domain from the unit circle to [0,1]), we obtain
the usual Fourier basis e?™"*, The complex inner product is defined as

t
wlt,7) = g o = [ f@0(a) do

Summary of translated Fourier HIPPO update:

%c(t) = —Ac(t)+ Bf(t), c0)=0eC"
{1/7‘ if k 75?’1, 1
Ank — . . n—
(2min— 1)/t ifk=mn T

fl@)= Y )™=,  zelt—rt
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Discretization of HIPPO-LegS

d 1 L
%c(t) — —;Ac(t) + ng(t)

The simplest forward Euler discretization witht = At - k, ¢, = c(At - k), and f;, = f(At - k)
gives us

At At
Ck4+1 — Ck = _A—tkACk =+ A—thfk
1 1
Cr+1 = (I — EA) Ck + EB Sk
= Ay =By,

So, ) )
ck+1 = Agck + B fr

(Other discretization schemes lead to slightly different 4, and B,,.)

33



Discretization of HIPPO-LegS

%c(t) — —%Ac(t) + %Bf(t)

The GBT discretization with a € (0,1), t = At - k, ¢;, = c(At - k), and f;, = f(At - k) gives us

I SN Tt 1—a)A) e+~ (17— 2 A_le
Cltl = k+10 AR R k10 %

' g

—A, —B,

So,
Ckr1 = Apcr + Brf

34



HIPPO+RNN architecture

ht = qo(ht—1,ct—1,7¢) € R
fi =Chs +d € R
ct = Aice—1 + Bift € RY

A; and B; are not trainable.

If we randomly initialize A; and B; and train

it, this would be no different from a standard
RNN.
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RNN without HIPPO

L‘” ‘@

he 6

i
ac

T

o o A.Q»
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HIPPO+RNN architecture
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Background: Continuous-time Fourier
transform and convolution theorem

Continuous-time forward and inverse Fourier transform:
fw) =A@ = [ e i f0=F A0 = [ fe)em d
Continuous-time convolution:

U*mwkj[%f@—@ﬁ@ds

Convolution theorem) Convolution (in t) is pointwise multiplication in Fourier domain (in w)

frg=F"|Flg- Flg]

38



Background: Discrete Fourier transform

Discrete forward and inverse Fourier transform:

F=Flfl, f=F"

F]

L—-1

Y Fue ™%, forn=0,1,...,L -1
k=0

L—-1
—32m =2 1
szgfne ¥, fork=01,...,L-1  fu=7

Given f € RE, computing F € CL, requires O(L log L) operations using the FFT, a divide-and-
conquer algorithm. (Naive implementation of sum above requires 0(L?) operations.)

39



Background: Discrete circular convolution

For f, g € RL, the discrete circular convolution is defined as

L—1 L—1
(f®g)n] = Zf['m]g[n—m] = Zf[n—m]g[m], forn=0,1,...,L—1

where gln —m] =g[n—m+ L] ifn—m <0, i.e., we wrap around the index if the index is
out of bounds. Computing f ® ¢g € R requires 0(L?) operations with a direct
Implementation of the definition.

Convolution theorem) o
f®g=F"|Flg- Flg

Using the convolution theorem, f ® g can be evaluated with O(L log L) operations.

40



Background: Discrete non-circular
convolution

For f, g € RL, the discrete (non-circular) convolution is defined as

L—1
(fxg)n] = Zf m]:Zf[n—m]g[m], forn=0,1,...,L—1
m=0

where gln —m] =0 |f n—m <0, i.e., the value is 0 when the index is out of bounds.

The discrete non-circular convolution doesn’t have its own nice convolution theorem.

However, f * g can be evaluated with O(L log L) operations using

frg= (IOJ;] ® {OQL] )O:L

41



Linear State-Space Layers (LSSL)

RNN and Transformers are seq2seq models that transform a sequence (u,,)%Z% to (y,)5Z%
every layer.

Linear State-Space Layer (LSSL) defines a sequence-to-sequence (or function-to-function)
transformation based on HiPPO-style linear dynamical systems.

Each layer maps {u(t)}tefo,r) = {y(t)}tefo,r) Via

x(t) = Ax(t) + Bu(t) € R"
y(t) =Cx(t) e R

A. Gu, I. Johnson, K. Goel, K. Saab, T. Dao, A. Rudra, and C. Ré, Combining recurrent, convolutional, and continuous-time models with linear state space 42
layers, NeurlPS, 2021.



Continuous-time LSSL

Consider
z(t) = Ax(t) + Bu(t) € R"

y(t) = Czx(t) € R

for t € [0, T] with initial condition x(0) = 0 € R™, which implies y(0) = 0.
So A € R B € R, and C € R*".

The solution is .
y(t) = / (Ce(t S)AB ) ds = / K(t—s)u(s) ds = (K xu)(t)
0
where

tA > > >
K(t):{Ce B fort>0 u(t) >0 fort>0

0 otherwise u(t) = { 0 otherwise.
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Initialization of A and B

Initialization of A is very important. A is initialized to so-called HIPPO LegS matrix

((2n +1)YV2(2k+ 1)Y2 ifn>k
A =<n+1 ifn==%k
0 if n <k

\

In the original HIPPO paper, LegS defines a linear time variant dynamical system, but the
convolution formulation of LSSL requires a linear time invariant dynamical system.
Nevertheless the LegS initialization is used.

Bis randomly initialized.

Further interpretation of A-initialization is provided in: A. Gu, . Johnson, A. Timalsina, A. Rudra, and C. Ré, How to train your HiPPO: State space models 44
with generalized orthogonal basis projections. ICLR, 2023.



Continuous-time to discrete-time LSSL

Use bilinear discretization:

A) "' Bu(t)

p(t+ At) = (I — BLA) 7 (T + ALA) o(t) + At(T -

p-

| < M|E

] 4

So the continuous-time dynamical system is discretized to

vy = Axg_1 + Bug

yr = Cxy,

45



P |
U1
Discrete-time LSSL S
_uL_l_
Consider cp = Azp_1 4+ Bu
Yy = Cxy,
fork =0, ...,L — 1 with initial condition x_; = 0 € R".
SoA e RY™ BeR™ andC e R™",
The solution is
Yk :CZkEUO—FCZk_lPul+---—|—C§uk, for k=0,1,...
Alternatively,
Yy = ]CL *U
where

Ki =(CB,CAB,CA*B,...,CA*"'B) ¢ R*

L—1

Yo
Y1

Yyr—1

46



Computation of X;

Naive Computation of X :
O(N?L) cost O(L) steps O(N + L) memory

Efficient Computation of K using work-preserving prefix-scan:

O(N?L) cost O(logL) steps O(NL) memory

Prefix-scan: Standard algorithm for cumulative sums
x € R" » cumsum(x) =y i.e.,,y; = X< X;

More generally, a4, -+, a; and binary associative operator @ and an identity element,
B; = a; Q -+ Q a; can be efficiently computed with prefix-scan. More on this later.
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Multi-head LSSL (MH-LSSL)

-« LSSL defines a linear transformation {u,}xZ5 = {yi}ezs- Since uy, v, € R¥, we really
have
(TR a JES SRS i =t

« A € RN*N js shared globally (not trained).

« Each “head’ 1, ..., H has individual BV, ..., B ¢ RN*1,

« Each“head” h = 1, ...,H has M channels each ¢V, .. ¢c(M) g RIXN,

» Full architecture uses position-wise GeLU nonlinearity. (Otherwise architecture is linear.)

« The MH channels are projected back down to H channels with a position-wise linear
layer.
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Multi-head LSSL (MH-LSSL)

49



Stacked LSSL

Layer norm and residual connection is used. (Both post-norm and pre-norm.)

Unlike TF, position-wise MLP is not used.

50



Stacked LSSL
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Trainable parameters (for “LSSL-fixed")

C IS trainable.

A, B, and At is are fixed and not trained. This allows Krylov matrix to be pre-computed.

K(4,B) = (B, AB, (A)?B, (A)°B, ..., (A)*1F) € RV

So we have
:]CL — CK(/T,E)

52



Computational cost

Computational cost for LSSL-fixed:

Parameters: O(HMN) in C

Training: O(BLlog(L)HM) for convolution. (¥ is pre-computed and fixed.)
O(BLlog(L)HM) for

Memory: O(LHN) to store the Krylov matrix. O(BLH) for inputs/outputs.

Inference: O(HMN?) for matrix-vector multiplication by A.
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L SSL Is both recurrent & convolutional

Also, LSSL trained on one sampling rate can be used on audio with another sampling rate.

XXX

]

W

c
h
X
o
D dt A
M . _T__ .
X

Continuous-time
' continuous data

' irregular sampling

Discretize

At

V' unbounded context

J efficient inference

(_ N i '
Output
y
C c c o [
D —f ® b4 — x >4 — e | e N
————————————— T T K = (CA*B)
Input
S— Y - |.|I||..||||||..“.__.l '
L i (I I ) | )
Recurrent Convolutional

V' local information
 parallelizable training
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