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Binary classification
Consider the binary classification problem, where 5/ =Y ={-1,+41} and
g(y/,y) = l{y/?gy} SO
Rfl= E [f(X)Y))= P (f(X)#Y).

(X Y)~P (X Y)~P

Define
n(X)=PY =+1]| X).

Assume 7(X) # 1/2 with probability 1. Then,

N —1 ifp(X)<1/2
f (X):{ +1 ifZEX)>1§2

is a Bayes predictor, and

R* = <E. [min{1 — n(X),n(X)}].
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Surrogate loss

We replace ®%!(u) with a surrogate loss such as
PMnee (1) = max{1 — u,0}
(I)IogistiC(u) — log(l + efu)
‘I)square(u) _ (1 _ U)Q,

which are nice continuous, convex functions, and
solve the continuous convex optimization problem

minimize E [®(Yg(X))]
g (X,Y)~P

=Ralg]

or its approximation

N
1
inimize  — > ®(Yig(X:))-
minimize N2 (Yig(X3))

:7A3q> lq]
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Binary classification with square loss

Consider the square surrogate loss

Rumelg]= B [1-Yo(X)= E_[6(X) =Y

Bayes predictor has a simple analytic form:
gX)=EY|X]=-1-PY =-1|X)+1-PY =+1|X)

=2n(X) - 1.
Also,
Rasre[g] — Rasue [g7] = B [(9(X) = Y)? = (¢"(X) = Y)?]
(X,Y)~P
= E [9(X)*=29(X)Y — g*(X)* + 2g*(X)Y]
(X,Y)~P

=E[E[(X)* - 29(X)Y — ¢"(X)* + 29" (X)Y | X]]
=E [9(X)? — 29(X)15[Y | X] - g"(X)? + 29*(X)J§[Y | X1]
=E [9(X)? = 29(X) + " (X)?]

Calibration = g [(g(X) — g*(X))Q]



Minimize surrogate loss = Minimize original loss

However, we should not forget that we have changed the optimization
problem from minimizing Rgo-1 to Re.

Is this valid? Does the following implication hold?
* ? *
Rq;. [g] — Rq;. = 0 = R@O-l [g] — R@(}l = 0
In general, no.

Since ®%! < & for some v > 0, if R} = 0, then R}, = 0 and

Rao [g] =0 = TRgpo [g] =0.

However, if R} > 0, the desired implication does not hold in general.

Calibration



When is minimizing R4 valid?

We shall now study conditions that ensure:
argmin Re[g] C argmin Reo-1[g].
g g
If so, then (exactly) minimizing Rg provides a minimizer to Rgo1, the

actual risk that we care about, i.e.,

Re [g] - R&) =0 = Ron [g] - RE,OJ =0.

Calibration



Conditional ®-risk

For any g: X — R, define the conditional ®-risk as

Ralg| X]=_E [®(Yg(X))[X]

Y~Pyx
=n(X)2(g(X)) + (1 = n(X))P(—g(X)).
(Of course, Ex[Ra[g| X]] = Ralg].)
Let
Co(a;n) =n®(a) + (1 —n)@(—a).

Then,
Ralg| X] = Ca(g(X);n(X)).

Calibration



Bayes predictor from conditional ®-risk

Recall that the Bayes predictor was obtained by
95(X) €argmin @ E [®(Ya)|X] = argmin Cg(a; n(X)).

a€R  Y~Pyx a€R

For the true 0-1 loss, we have

argr%in Coo1(o;n(X)) = argr%in {n(X)1a<oy + (1 = (X)) Lias0y }
ac ac

fa>0 ifn(X)>1/2

) a<0 ifpX)<1/2

(For simplicity, assume n(X) # 1/2 with probability 1.) l.e., it is optimal
to output a > 0 if Y = +1 is more likely and a < 0 if Y = —1 is more
likely. Does this hold for the surrogate loss function?
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Calibrated surrogate loss
We say a surrogate loss @ is classification calibrated or calibrated if

{ a>0 ifn(X)>1/2

argmin Cg(o; n(X)) C argmin Cpo1 (a;n(X)) = a<0 ifn(X)<1/2

a€R a€cR

Lemma
Let ® be classification calibrated. Then,

argmin Rg[g] C argmin Reo-1[g].
9 g

Proof. Let g3 € argmin, Rg[g]. Then,

93(X) € argr%in Co(a;n(X))
ac
for P-almost all X. Then,
95(X) € argmin Cgo1 (a; (X))
a€eR

for P-almost all X, and we conclude

9% € argmin Rgo1[g].
g O



Bayes predictor for square loss is optimal for 0-1 loss

Recall that
Geanare (X) = 25(X) — 1.

Since ghsquare (X) > 0 if n(X) > 1/2 and vice versa,

Ghsauare (X)) € argmin Cgor (a; n(X)).

a€R
Therefore,
hsquare € argmin Rgo-1[g].
g
How about
? ) ? .
Gplogistic € argmin Reo-1, Glpninge € argmin Rgo-1

g g

Calibration
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Calibrated surrogate loss

Theorem
Let ®: R — R be convex. If @ is differentiable at 0 and ®'(0) < 0, then
® s classification-calibrated.

Proof. Convexity of ® implies C(a;7n) is convex in « for any fixed
n € [0,1]. If p > 1/2, then

d

- Ca(ai )],y = 12'(0) = (1 - )®'(0) < 0.
Therefore, argmin,, cp Ca(a;n) C (0,00) by convexity.
If n < 1/2, then

d / /

= Cofai)]y = 12'(0) — (1= )@ (0) > 0.

Therefore, argmin,cp Ca(a;n) C (—00,0) by convexity. O
Calibration 12



Calibrated surrogate loss

Therefore, all three surrogate losses are calibrated, and

Gplogistic € argmin Rgo-1[g]
g

Gphinge € argmin Rgo-1[g]
g

Jhsquare € argmin Rgo-1[g].
g

Calibration
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2

Rapo1 — Rior < H(Ro — R%)

2

Rgo1 — R;U—l S H(Re — R)
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When is approximately minimizing R4 valid?

If ® is calibrated, then

Rao [g] - &; =0 = Rgon [g] - R&;O-l =0.

However, do we have?

Rolgl — Ry <small = Rgoi[g] — Rpor < small

After all, we can only hope to approximately minimize Rg.

2

Rgpo1 — Rior < H(Re — RE)

15



Reo1[g] — Rijo1 < R phinge lg] — ’;hinge

For the hinge loss, we can carry out the analysis with direct arguments.

Recall,

Cyor(a;n) = Nlia<oy + (1- n)l{azo}
Coppine (5) = (1 — )y + (1 —)(1+ ).

With direct calculations, we get

inf Cgo1(a;n) = min{n,1 — n}, inf Cghinge (a; ) = 2min{n, 1 — n}.
a€eR a€R

With direct (albeit tedious) arguments, we can show

Cgpo1(a;n) — alrél% Copo1(a;n) < Cohinge (a5m) — 01(161% Cpninge (; 1)

for all & € R and 7 € [0, 1], which implies
Rq}o-l [g] - Rgo-l § R@hinge [g] — ;],inge.

o

Rgpo1 — Rior < H(Re — RE) 16



Rq)()-l [g] - R;g,l g R(I)logistic [g] - :i)logistic

For the logistic loss, we have

1
Coo1(a;m) < log2 Cyprogistic (a5 1)

However,

Coo1(a;n) — 01}61% Copo1(a;n) £ 7 (Copromstic (a; 1) — érel% Coprosistic (a; 1))

for any constant v > 0, and we cannot proceed with the same argument.

The same problem arises with the square loss.

o

Rgpo1 — Rior < H(Re — RE)
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Lemma
Let g* € argming Rgo1[g]. Then,

Rao1[g] — Reo1 [9%] = E[1ig(x)g+ (x)<0}120(X) — 1]
< E[Ligx)g (x)<0}20(X) — 1 = b(g(X))]]

for any b: R — R such that sign(x)sign(b(x)) > 0 for all z € R.

o

Rgpo1 — Rior < H(Re — RE)
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Proof. The first claim follows from
Reo1[g] = Reor[g7]
— E[E[Lsignto0y2v) — Lsantor copsry | X1
= E[E[ — Lgx)>0,9" () <0pL{y=+1} + Lg(x)>0, 9" (X) <0} L{y=—1}
+ 1g00<0.5° (020 Ly =+1) — Lgx)<0,9-(x)50 Ly=—1p | X]]
=E = Liy(x)>0, g+ (x)<031(X) + L{g(x)>0, g+ (x)<0} (1 — (X))
+ 1{g(x)<0, 9 (X)>031(X) = Lig(x)<0, g* (x) >0} (1 — W(X))]

=E _1{9(X)>0,g*(X)<o}(1 = 2n(X)) = Lig(x)<0, g*(x)>03 (1 — Qn(X))}

= E|1150x)>0,9*(x)<0}[1 = 20(X)| + Lig(x)<0, 9+ (x)>03 1 — 2n(X)|}
= E[l{g<X)g*<x><0}I1 - 277(X)|},
where we use the fact that ¢*(X) < 0 implies n(X) < 1/2.

Rgpo1 — Rior < H(Re — RE)

19



For the second claim,

E[1((x)g+(x)<03[2n(X) — 1]
= IE[1{9(X)g*(X)<0,g*(X)>0,n(X)>1/2}(27I(X) - 1)]
+ E[11g(x)9+ (x)<0, g* (x) <0, n(x)<1/2} (—=20(X) 4+ 1)]
< E[1gg0x00 ()0, * ()50, n(x)>1/2} (20(X) = 1 = b(g(X)))]
+E[11g(x)9+ (x)<0, g+ (%) <0, n(x)<1/2} (—=20(X) + 1 + b(g(X)))
= E[115(x)9* (x)<0, g (X)>0, n(x)>1/2}20(X) = 1 = b(g(X))[]
+E[1{g(x)g° (x)<0, g+ (x)<0,n(x)<1/2} 20(X) = 1 = b(g(X))]]
= E[11y(x)9+ (x)<0}20(X) — 1 = b(g(X))[].

o

Rgpo1 — Rios < H(Re — RE) 20



Square loss

Equipped with this lemma, we can now analyze the relationship between
Raeo1[g] — Rio1 and Resavare [g] — Riequare:

Rgpo1 [g] — Rego-1 [g*] < E[l{g(x)g*(x)<0}|2n(){) —1- g(X)H

1/2
< (E[1(p000: (x)<0y | 20(X) = 1=g(X) )
=g*(X)
< (Ellg*(X) — g(x)))"*
1/2
— (R(I)square [g] — R(I)square [g*]) s

where the second inequality follows from Jensen.

Therefore,

Rq)square — Rgsquare < small = R@O-l — RE)O—l < Vsmall.

o

Rgpo1 — Rior < H(Re — RE) 21



Logistic loss

Lemma
For any x,u € R

T _ 1 2
—x/2 | /2y o —2/2 | z/2y _ > S
log(e™*/? + ¢*/2) — uz — in {log(e™/? +¢"/%) —ua} > 2(u z<ex+1>)'

Proof. A brute-force proof:

1—2u
—00 otherwise.

101 _ 1+2u 2 e
inf{log(e™"/? + €/?) — uz} = { 2(1 = 2u)log tlogrm if —2<u<?
xT

S 10g(€7r/2 + EI/Q) — ur — 2(U — h)

with a Taylor expansion argument. Rearrange the inequality to conclude
the statement. (Better proof later.) O

o

Rgpo1 — Rior < H(Re — RE) 22



Logistic loss

Recall that o
(I)loglstlc(u) _ log(l + efu).

Then,

Cyprogistic (a;m) = nlog(1 +e™ %) + (1 —n) log(1 + %)

= log(e™®/? 4 ¢/?) 5

Appealing to the previous lemma, we have

1
Cprogistic (a; 1) — (iré% Cprogistic (1) > 3 (277 -1-

o

Rgpo1 — Rior < H(Re — RE)

2n—1
=1

e*—1

e*+1

)
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Logistic loss

Plug in a + ¢g(X) and n < n(X), and take the expectation to get

. ed(X) _1\2
R(I)logistic [g] - Plogistic Z 2E[< (X) m) i|
- 1 an( ed(X) _ 117\ 2
2 5(8 H 1) =1 o)
1 2
Z 5( q>01 R,i,() 1) .

Therefore, we conclude
1/2
Reo1[g] — Rpor < \/i(Rq)logistic lg] — glogistic)

the same (up to constant) guarantee as for the square loss.

Repo1 — Rig, < H(Rg — RE)

$0-1
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Calibration function

We established guarantees of the form

?
Repo1 — Rgofl < H(R<I> - R%)v

where H is a monotonically increasing function satisfying H(0) = 0. H is
called the calibration function.

The guarantee for the hinge loss is better than the guarantee for the
square or logistic loss. However, we will later see that the hinge loss is
harder to optimize due to its non-differentiability. So there is a trade-off.

o

Rgpo1 — Rior < H(Re — RE)

25



Impact on approximation errors

So far, our analysis has been carried out without any restriction on the
set of functions.

In practice, however, we use a restricted function class F (often with a
controlled Rademacher complexity). The choice of the surrogate loss @
affects the Bayes predictor (even though the set of Bayes predictor for

®%! is always the same), so the approximation error is affected by the

choice of .

In particular,
Gpminse (X) = sign(2n(X) — 1)
Ghrogisue (X) = atanh(2n(X) — 1)
Ghsauare (X) = 2n(X) — 1.
If ® admits a g} that is well approximated by F, that is a reason to favor
®. (Having a favorable calibration function and the ease of optimization

are two other reasons to favor a choice of ®.)
Rgpo1 — Rios < H(Re — RE)

26
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Logistic loss

Lemma
For any x,u € R

log(e™*/% 4+ €*/?) — ux — iIelﬂfg{log(e_I/2 +e"/2) —uzx} > 2(u— b(x))?,
x

where b: R — R is a sign-preserving function.

Better Proof. Note that
f(z) =log(e™™/? + e/?)

is a convex L-smooth function with L = 1/4. (Easy to check that
0 < f”(x) < 1/4 for all z € R.) Then, by the Fenchel-Young inequality
for smooth convex functions, we have

1 / 2
S r'@)

Finally, it is straightforward to verify f/(0) = 0 and f’ is strictly
increasing. O
Calibration function with convex losses 28

f@) + [ (u) —ue >



Calibration functions for square and logistic losses
Assume
P(u) = a(u) —yu+ B,

where a(0) = 0, a is convex L-smooth, a is even, v > 0, and 5 € R.
Recall

goavare () = (1 — )% = u? — 2u+ 1 (2-smooth)
Plosistic (1)) — log(1 + %) = log(e /2 + ¢%/2) — %u (%-smooth)
Then,
Ca(a;n) = n®(a) + (1 =n)®(—a) + 4
— a(a) — ’y(217 — 1)04

Using Fenchel-Young for smooth convex functions, we have

v? 17 2
. _ . > 141
Calain) - inf Colasn) > o= (29 -1~ 1d'(a)) .

Calibration function with convex losses 29



Calibration functions for square and logistic losses

Plug in a + ¢g(X) and n < n(X), and take the expectation to get

Ralg] — R >

v

v

Therefore, we conclude

Rapo1[g] —

5[ (20x) — 1- 20 (9(x)) ]
Z*L(EH% - 1= 2 g0)]])
or (Raoalo] ~ Rion )

o < 28 (Rl R3) "

Calibration function with convex losses
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Calibration function with conjugate functions

Consider surrogate loss function ®: R — R of the form
d(a) = a(a) — a,
where a(0) =0, a is even, and a is convex. Then,
a* (Reo1[g] — Rior) < Ralg] — R
for any g: X — R, where a* is the conjugate function of a.
First, note that a > 0 since a is convex, even, and a(0) = 0. Also,

a*(0) = — Oitlé%{a(a)} = —a(0) =0.

Calibration function with convex losses
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Calibration function with conjugate functions

Recall

Rao1[g] = Rgor = E[Liy(x)9+(x)<0} 20(X) — 1]
= E [1g0x)@n(x)-1)<0y [20(X) = 1]] .

By Jensen's inequality,

a* (Reo1]g] — Ryos) = a* (E[l{g(X)(2n(X)—1)<0}|277(X) - 1|])

IN

E 0" (1g(x)2n00)-1)<0y 20(X) = 1))
= E[1{9(X)(277(X)*1)<0}a*(|277(X) - 1I)},

where the final equality uses a*(0) = 0.

Calibration function with convex losses 32



Calibration function with conjugate functions

Recall our definition
Co(asn) =n®(a) + (1 —n)2(-a) = a(a) — (2 — 1)a.
Then,
a” (|2n(X) —1|) = — inf {a(a) —[29(X) — 1ja})
= — inf {a(a) — (29(X) ~1)a} (. a s even)
= 1)u<o{a( ) = (29(X) — Do} — inf {a(a) — (2n(X) —1)a}

= (2n(X1)nf1 {a( )— (2n(X) — Da} — 01}61% Co(a; (X)),

where the third equality follows from a > 0.

To clarify, inf(9,(x)—1)a<o takes inf over {a € R|(2n(X) — 1)a < 0}.

Calibration function with convex losses
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Calibration function with conjugate functions

To save space, write

Liy = M@ -n<o
within this page. Combining the bounds, we get

0" (Rawlg] — Rigo)
< [11 (i, ae) = (20(X) = )a) = int Cafain(x) )]

<& 1 ((ala(X)) = 20(X) = Dg(X) - inf Cofain(x))) |

— & [t (Cato00100) - 1 Calern(x) )]

<E |Ca(g(X).0()) - inf Calain()]
=TRolg] — Rs.

Calibration function with convex losses 34
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Ridge regression

Consider the ridge regression problem with p > 0

e 1 2 2
e =Y —® 0|5,
minimiz | 1% + w03

which has the minimizer

- 1
0, =—

N
(Proof involving matrix inversion lemma in homework.)

Recall i
S = —_9Td € RIX4,
N

Notably, we will no longer assume that S is invertible. Not assuming
invertibility will be important when we consider kernel methods, where
d =00 and N < oo.

Ridge least squares regression

(S4pl) 'Y = (®TO+ Npul) ' ®TY = &T(SDT+ Npl) Y.

36



Ridge regression

Even though we consider a regularized optimization problem to obtain
6,,, we still consider the same (unregularized) risk

R(0)= E_[5]20-Y]?.

E1yeeey EN

Theorem ) R
For the fixed design setting, with 0, = (X + uI) “*®TY has expected
excess risk
2 o~
E[R(D)] - R* = 0] (S + ul) 280, + T Tr(E2(E + ul) 7).

bias

variance

Ridge least squares regression 37



Proof. Recall that we had shown

E[R(9)] — R. = |E[6] — 6.1 +E[|d — E[J]|IZ].

bias variance
First, we have
A 1 ~
E[d,] = N]E[(E + pI)T1OT(®0, + €)]

= (S 4 ul) 'S0, = (S + pl) " (S + ul — pl)o,
=0, — ,u(EA] + ,uI)_19*.
So
bias = [| (S + pI) 0.2 = 4207 (S + pI) T E(E + pul) 1.
— 12018 + uD) 2S5,

which accounts for the first term.

Ridge least squares regression
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Next, we have

So,

variance = E[Hé — ]E[é]]”%}

1 S iy pa e —
W]E{Tr(sT(I)(E + ul) 12(2 + ) 1(I)T€):|
2 f AN AN
= S T(OE + D) 'EE + ul) ')
2 fay =D ~
— %Tr((E +ul) IS 4 ul) IS
0'2 32/ _2

Ridge least squares regression
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Should we use ;> 07?7
For small > 0, we have

2 o~ o~
E[R(6,)] - R* = 1?07 (S + ul) S0, + T T(EXE + ul) )
o min{d,N} )\22

N 2 nrw?

o min{d,N} 1

N 2 (rae
52 min{d,N}
— 7Y (- 2uh) + 06
=1
202Tr ()

—0(1) ~

p+O(p?).

So the optimal value of y is positive.

Ridge least squares regression

40



Optimizing regularization parameter

Theorem
Assume 6, # 0. With

we have

E[R(Ou.)] = R" < Vi

(As we will see from the proof, i, is not the exact optimum, but rather a
choice that optimizes an upper bound.)

Ridge least squares regression
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Proof. Previously, we had shown that E[R(6,,)] — R* = bias + variance.

First, bound the bias:

bias = p20T(S + ul) 250, = pbT (S + ul) 230, < %IIG*HQ,
—_———

PN
.

I
where we use the fact that

UA 1
— < - v 0, A > 0.
(A+p)? 2 e

Next, bound the variance:

2 2

2
variance = %Tr(Ez(E +ul)7?) = Z—NTr(E pEE+pl)7?) < 2ZNTr 3.
<351

Finally, plugging in 1 < o (which minimizes the upper bounds on
bias + variance), we conclude the statement. O

Ridge least squares regression 42



Compared to the expected excess risk of the least squares estimator
without regularization

A o?d
ER(00)] - R* = 7
the bound with regularization
) 2)12) 6,
E[R(elu,o )] _ R ( ) || ||2

< JN
does not have an explicit dependence on d. Such bounds are said to be

dimension-independent.

If ||o(2)|| < R for all z, then

Z le(X)l3 < B2,

and the only remaining (implicit) dependence on d is in ||6,]|2.

However, the O(1/v/ N)-rate is slower than the O(1/N)-rate. This is a
common tradeoff in machine learning theory: a “fast rate” with bad
constants vs. “slow rate” with good constants.



(?-regularized estimation

02-regularized estimation
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Constrained problem formulation

When learning among a function class
F={/folll0]l < D},
with D > 0, the training problem

minimize [f]

becomes a constrained optimization problem

minimize R fo]
subject to  ||0]|? < D2

The constrained problem can be solved with the projected (stochastic)
gradient method.

02-regularized estimation
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Regularized problem formulation

For various reasons, however, one often prefers the regularized problem

formulation S . 9
minimize R[fo] + A|6]7,

where A > 0.

It is often said that the constrained and regularized problems are
“equivalent”.

02-regularized estimation 46



Equivalence of constrained and regularized problems

Theorem
Let A\ >0. Let f: R - RU {00} and g: R? = RU {cc}. Let * be a
solution to

minimize  f(z) + Ag(z).
z€R4

Set D = g(z*). Then, x* is a solution to

minimize T
reR4 f( )
subject to  g(x) < D.

Proof. Assume for contradiction that z* is not a solution for the second
problem. Then, there is a & such that f(Z) < f(z*) and
9(Z) < D = g(z*). However, this implies

F(@) +Ag(Z) < f(z7) + Ag(z"),

contradicting the premise that z* is a solution to the first problem. O
02-regularized estimation 47



Equivalence of constrained and regularized problems

Theorem
Let f: R? - RU{oco} and g: RY — R be convex. Let z* be a solution
to the optimization problem
minimize z
z€ERC f( )
subject to  g(x) < D.

Assume the strict feasibility condition: there exists an ¥ € domf such
that g(Z) < D. Then there is a A > 0 such that x* is a solution to

minimize  f(xz) + Ag(x).

zERY

02-regularized estimation 48



Proof outline. Define

A={(q,p) eR?|g(x) <gq, f(zx) <p, z € R}
Then, A is a nonempty convex set. Note that

{(9(x), f(x))| 2 € dom f N dom g} C A

Since x* is a solution, (¢*,p*) = (g(z*), f(z*)) € JA, since
(¢*,p* — &) ¢ A no matter how small ¢ > 0 is.

Then, there is a supporting hyperplane: there is (X, fi) # 0 such that
Mg+ ip < Ag* +fipt,  V(gp) €A

If =0, then set A= X and t* = Aq*. If ji # 0, then set A = A/i and
t* = Ag* + p*. There are four cases for the half-spaces containing A with
(g%, p*) at the boundary

> {(q,p) € R?| A\q > t*} with X # 0: Vertical half-space.

> {(q,p) € R? | \g+ p < t*}: Lower half-space.

> {(q,p) €ER?|A\qg+p >1t*}, A <0: Upper-left half-space.

> {(q,p) € R?|A\qg+p >t*}, A > 0: Upper-right half-space.
Lower half-space and upper-left half-space are not possible.



Assume
AC{(q,p) eR*|Aq > t*}

with A = 0. If A < 0, this is a vertical-left half-space, but that is
impossible. So, A > 0 and

AC{(g.p) €R?|q= 1" /X =q" = g(a")}.
This implies g(z) > g(a*) for all z € dom f.
If g(x*) = D, the existence of & draws a contradiction.

If g(z*) < D, then the constraint is inactive, and x* is a solution to

minimize T
r€Rd f( ),

i.e., the statement holds with A = 0.
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Otherwise, consider the upper-right half-space case:
AC{(a.p) ER?[Ag+p >t}
with A > 0.
This implies
Ag(x) + f(x) 2 1" = Ag" +p* = Ag(a™) + f(27)
and z* is a solution to

minimize  f(z) + Ag(z).

zeRd

02-regularized estimation 51



	Calibration
	R0-1-R0-1? H(R- R) 
	Calibration function with convex losses
	Ridge least squares regression
	2-regularized estimation

