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Scaled relative graphs (SRG)

We present the SRG, which provides a correspondence between algebraic
operations on nonlinear operators and geometric operations on subsets of
the 2D plane. We can think of the SRG as a signature of an operator
analogous to how eigenvalues are a signature of a matrix.

Using the SRG and Euclidean geometry, we establish averagedness and
contractiveness of FPIs. (Geometric arguments are rigorous proofs, not
mere illustrations.)
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Operator classes

A is a class of operators if A is a set of operators on R™ for n € N.
(Technical detail: Aj,Az € A, A1: R" = R™ Ag: R™ = R™, and
n # m is possible.)

Given classes of operators A and B and a > 0, write

A+B={A+B|Ac A, BeB A:R" =R", B: R" = R"}
AB={AB|Ac A BeB, A: R" =R", B: R" = R"}
Jou={Jon|A €A A:R" = R"}

Roa =20qn —1={20 —T|J € Tqy, J: R" =2 R, I: R® = R"}
At={A'|Ac A}
aAd={ahA|A € A}.
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Operator classes

Class of L-Lipschitz operators:
Ly ={A:domA — R"|||[Az — Ay||? < L?||z — y||?>, Va,y € dom A C R"™, n € N}.
Class of B-cocoercive operators:
Cs ={A:domA — R"|(Az — Ay,z — y) > B||Az — Ay||?, Va,y €dom A CR", n e N}.
Class of monotone operators:
M={A:R" 2 R"|(Az — Ay,z —y) >0, Vz,y € domA, n € N}.
Class of pu-strongly monotone operators:
M, ={A:R" = R"|(Az — Ay, z —y) > pllz — yl|?, Va,y € dom A, n € N}.
Class of 6-averaged operators:
Nog=(1-0)1+0Ly.

(No requirements on domain or maximality.)
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Subdifferential operator classes

Class of u-strongly convex and L-smooth CCP functions on R™:
]:M,L

(1 = 0 convex but not strongly convex; L = oo not-smooth.)

Class of subdifferential operators:

a]:u,L = {af ‘ f € ‘FIL’L}

Basic definitions



Basic geometry

Stewart's theorem:
C

AN

A D B

lengths satisfy

AD-CB° +DB-AC°=AB-CD° +AD-DB° +AD" -DB

For any a,b € R™, angle function:

(a,b) .
Z(a,b) = { arecos (HaHHbH) ifa#0,0#0

0 otherwise.
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Extended complex plane

Extended complex plane C = C U {oco} represents the 2D plane and the
point at infinity.

We avoid co + o0, 0/0, 0o/o00, and 0 - co.
Define z + 00 = 00, 2/00 =0, and [z/0 = co and z - 0o = oo for z # 0].

Inversion map: z — 2z~ !, a one-to-one map from C to C.
In polar form: re*# — (1/r)e'?.

(Inversion preserves angle and inverts magnitude. Z is complex conjugate
of z.)

Basic definitions
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SRG of operators

Let A: R™ = R"™, u € Az, and v € Ay. Goal: understand change in
ouputs u — v relative to change in inputs « — y.

For x # y, consider complex conjugate pair

Hu ||

Magnitude |z| = Hr }I represents size of u — v relative to size of z — y.

Y
Angle Z(u — v,z — y) represents how much u — v is aligned with x — y.

exp [£id(u — v,z —y)].

Equivalently, Re z and Im z respectively represent the components of
u — v aligned with and perpendicular to z — y:

”Hspan{w—y} (U - ’U)” <u — U, T — y>

Rez = sgn((u — v,z —y)) 7 — ] e —y?

HH{xfy}J- (u - U)H

Imz =+
|z =yl




SRG of operators

SRG of an operator A: R" = R™:

G(A) = { |;_Z exp [+i(u — v,z — y)] ’u € Az, v e Ay, x # y}

(U {oc} if A'is muIti—vaIued)

Clarification:
() G(A) C T
(i) [oo € G(A)] & [Ax is multi-valued for some z.]
(Since (z,u), (y,v) € A with x =y and u # v,
|z| = w = 0o and u — v is infinitely larger than x —y = 0.)
(iii) &+ makes G(A) symmetric about the real axis. (Include &+ because
Z(u—v,x — y) always returns a nonnegative angle.)
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Examples: SRG of operators
i,\

gl -1 =

{z| Rez > 0} U {0, 0}

A~
N

II;: R?2 — R2 the projection onto a line L; A: R2 > R2is
A(u,v) = (0,u); || - || for n > 2; and B: R® — R3 is
B(u, v, w) = (u, 2v, 3w); Shapes obtained through direct calculations.



SRG and eigenvalues

For linear operators, SRG generalizes eigenvalues:
A(A) CG(A),if AcR"™ andn=1orn>3.

SRG of a 3 x 3 matrix. The three points denote the eigenvalues.

12 2 0
=g [-1/2 12 0
0 0 2
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Example: SRG of normal matrices
For normal matrices, multiplicity of eigenvalues do not affect the SRG.

A

As

(Left) SRG of an n x n normal matrix with one distinct real eigenvalue
and three distinct complex conjugate eigenvalue pairs. (Right) SRG of an
n X n symmetric matrix with distinct eigenvalues Ay < Ao < -+ < Ag.



SRG of operator classes

SRG of a collection of operators:

G(A) = |J g(a).

AcA

(Theorems are usually stated with operator classes. For example,
“If A'is 3/2-cocoercive, i.e., if A€ Cs/2, then T — A'is nonexpansive.”)
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Theorem 19.
Let u,B8,L € (0,00) and 6 € (0,1). Then

G(Ny) =

{zecC]|z> < L?} {zeC|[z)*+(1-20) <2(1 —0)Rez}

{z € C| Rez > B|2|*}

{z€C|Rez>0}U{0} {z€C|Rez > pu}U{oco}



SRG of subdifferential operators

Theorem 20.
Let 0 < u < L < oco. Then

g(a]:o,oo) = g(a}—u,m)

{z]| Rez >0} U{oo} {z|Rez > u}U{cc}

G(0Fo,1) = I " . I
G(OFuL) =

Scaled relative graphs 17



SRG-full classes

An operator defines its SRG. Conversely, can we examine the SRG and
conclude something about the operator?

A class of operators A is SRG-full if
AcA & G(A)CG(A).

Since A € A= G(A) C G(A) holds by definition,
G(A) CG(A) = A € Ais the substance of SRG-fullness.

Essentially, a class is SRG-full if it can be fully characterized by its SRG;
we can check membership A € A by verifying (through geometric
arguments) containment G(A) C G(.A) in the 2D plane.

Scaled relative graphs
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SRG-full classes

SRG-fullness assumes the desirable property G(A) C G(A) = A € A.
The following characterizes classes with this property.

Theorem 21.
An operator class A is SRG-full if it is defined by

AcA < h(||u—v||2,Hw—y||2,<u—v7m—y>)§0, Vu € Az, v € Ay

for some nonnegative homogeneous function h: R® — R.

h is nonnegative homogeneous if Oh(a, b, c) = h(fa,0b,0c) for all 6 > 0.
(We do not assume h is smooth.)
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Example: SRG-full classes

When a class A is defined by h as in Theorem 21, we say h represents A.

p-strongly monotone class M,, represented by h(a,b,c) = ub— c:

AeM, & plz—yl|?<u—-v,z—y), Yuc Az, ve Ay
Firmly nonexpansive class N1/2 represented by h(a,b,c) =a — ¢

AN, & |u—vP<{u—v,z—y), Vu€Az veAy.
By Theorem 21, M, M,,, Cs, L1, and Ny are all SRG-full.

Scaled relative graphs
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Example: Class of subdifferentials are not SRG-full

Classes 00,00, 0F 00, OF0,r,, and OF,, 1, are not SRG-full.

Az =1 ][]
satisfies G(A) = {—i,i} C G(0F0,00), but A ¢ 0F .

For example,

(If V.f = A for a function f, then DA = V2 f must be symmetric.)
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Role of maximality

Maximality is mostly orthogonal to the notion of the SRG: non-maximal
operators have a well-defined SRGs, and SRG-full classes contain
non-maximal operators.

This separation allows the geometric analyses via SRGs being entangled
with the subtleties of maximality.

Scaled relative graphs
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Intersection

Theorem 22.
If A and B are SRG-full classes, then AN B is SRG-full, and

GANB)=G(A)NG(B).

The substance of Theorem 22 is G(ANB) 2O G(A) N G(B) since

G(ANB) C G(A)NG(B) holds by definition, regardless of SRG-fullness.

Operator and SRG transformations
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Example: Non-SRG-full example

Theorem 22 does not apply when the operator classes are not SRG-full.
For example, although

6]’})[, = 8]:%00 n (9]:0’[,

we have the strict containment

! g(@]-'u,oo) n g(a}—o’L)

Operator and SRG transformations
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Scaling and translation

Theorem 23.
Let « € R and a #£ 0. If A is a class of operators, then

G(ad) =aG(A),  G(I+A)=1+G(A).

If A is furthermore SRG-full, then oA and 1+ A are SRG-full.

Note a class of operators can consist of a single operator. So

G(aA) = aG(A),  G(I+A)=1+G(A)

Operator and SRG transformations 26



Convergence analysis: gradient descent

Consider o
minimize
inimize  f(z),

where f is p-strongly convex and L-smooth with 0 < o < L < o0.

Gradient descent
af = 2F — oV f(2")

converges with rate
le* — || < (max{|l — apl, |1 — aL]})" [l2" — 27|

for v € (0,2/L) by the following Proposition 2.

Operator and SRG transformations
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Convergence analysis: gradient descent

Proposition 2.

Let 0 < p< L <ooandae(0,00). IfA=0F,, thenl —aAC Lp
for
R = max{|l — aul|,|1 — «L]|}.

Result is tight in the sense that 1 — A ¢ L for any smaller value of R.
Proof. By Theorems 20 and 23, we have the geometry

1—al 1—ap

«— G (Lr)

G(I— ad) R = max{|1 — ayl|,|1 — aL|}

The containment of G(I — a.A) holds for R and fails for smaller 1. Since
L is SRG-full by Theorem 21, the containment of the SRG in C
equivalent to the containment of the class. O



Convergence analysis: Forward step method

Consider
find 0¢€ Ax,

reER™
where A: R™ — R"™. Consider the forward step method
oF =gk — aAL”

under the following two setups.

If A is p-strongly monotone and L-Lipschitz with 0 < u < L < oo,
2% — 2| < (1 2ap + a®L?)"? | — 7|

for a € (0,211/L?) by Proposition 3.

Operator and SRG transformations

29



Proposition 3.
Let0 < p< L <ooandae(0,00). If A=M,NLy, then

I—aAC Ly for
R=+/1-2au+ «?L2.

Result is tight in the sense that 1 — A ¢ L for any smaller value of R.

Operator and SRG transformations
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Proof. First consider the case ay > 1. By Theorems 19 and 23, we have

S G () " G(—ad) G- ad)
N / e

\ ap ol —aL | —ap 1—aL | 1|-ap )
C /// \\\

1—aL §5q _ oy 1 D B|O A )

_ ——— \ /
Gg(I—-aA) ~ G (Lr) o K

R=+/1-2ap+ a?L? SRR

To clarify, O is the center of the circle with radius OC (lighter shade)
and A is the center of the circle with radius AC = AD defining the inner

region (darker shade).



Proof of Proposition 3

With 2 applications of the Pythagorean theorem, we get
0C* =CB"+BO’ = AC" - BA" +BO’
= (aL)? — (ap)* + (1 —ap)* =1 — 2ap + o*L?.

Since C'C' is a chord of circle O, it is within the circle. Since 2
non-identical circles intersect at no more than 2 points, and since D is

within circle O, arc CDC" is within circle O. Finally, the region bounded
by C'C'UCDC’ (darker shade) is within circle O (lighter shade).

Operator and SRG transformations

32



Proof of Proposition 3

The previous diagram illustrates the case app > 1. When app = 1 and
ap < 1, the geometries are slightly different but same arguments hold:

>
Sy
S
S

S Caseap =1 o' Case ap <1
The containment holds for R and fails for smaller R. Since Lg is

SRG-full by Theorem 21, the containment of the SRG in C equivalent to
the containment of the class.

Operator and SRG transformations
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Convergence analysis: Forward step method

If A is u-strongly monotone and S-cocoercive with 0 < u < 1/8 < oo,
k/2
o — 2*|| < (1= 20p+ a®u/8) " |2 — 7|
for o € (0,23) by Proposition 4.

Proposition 4.

Let 0 < pu<1/B <o0andaec(0,28). If A= M, NCg, then
I—aAC Ly for

R=1/1—-2apu+ a2u/B.
Result is tight in the sense that 1 — aA ¢ L for any smaller value of R.
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Proof of Proposition 4

Proof. First consider the case i < 1/(253). By Theorems 19 and 23,

To clarify, O is the center of the circle with radius OB (lighter shade)
and C' is the center of the circle with radius AC' = C'B defining the inner
region (darker shade).
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Proof of Proposition 4

With two applications of the Pythagorean theorem, we get
OB"=0D"+ DB =0D +BC - CD’
= (1—ap)® + (/(28))* = (a/(20) — ap)* = 1 = 2ap+ a’p/B.

Since B’B is a chord of circle O, it is within the circle. Since 2
non-identical Sir_clgs intersect at at most 2 points, and since A is within
circle O, arc BAB' is within circle O. Finally, the region bounded by
B'BUBAB (darker shade) is within circle O (lighter shade).
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Proof of Proposition 4

When p=1/(28) and p > 1/(253), geometries are slightly different but

same arguments hold:

Case p=1/(28)

B

’Case w>1/(2P)

The containment holds for R and fails for smaller R. Sinc_e Lris
SRG-full by Theorem 21, the containment of the SRG in C equivalent to

the containment of the class.

Operator and SRG transformations

O]
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Inversive geometry

Generalized circles consist of (finite) circles and lines with {oco}.
(A line is like a circle with infinite radius.)

Inversion maps generalized circles to generalized circles.

In complex analysis, the inversion map is known as the Mobius
transformation. In classical Euclidean geometry, inversive geometry
considers generally the inversion of the 2D plane about any circle but our
inversion map z — z ! is the inversion about the unit circle.
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Inverting generalized circles

. Draw a line L through the origin orthogonally intersecting the
generalized circle. This means L intersects the boundary
perpendicularly, which implies L goes through the circle’s center
when the generalized circle is finite.

. Let —oo < z < y < oo represent the signed distance of the
intersecting points from the origin along this line. If the generalized
circle is a line, then y = oc.

. Draw a generalized circle orthogonally intersecting L at (1/x) and
(1/y).

. When inverting a region with a generalized circle as the boundary,
pick a point on L within the interior of the region to determine on
which side of the boundary the inverted interior lies.




Example: Inverting generalized circles

Operator and SRG transformations
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Inversion

We relate inversion of operators with inversion (reciprocal) of complex
numbers and utilize inversive geometry.

Theorem 24.

If A is a class of operators, then

If A is furthermore SRG-full, then A= is SRG-full.

To clarify, (G(A))™' ={z"|z€ G(A)} CC.

Note (G(A))~! = (G(A)) " smce G(A) is symmetric about real axis, so
we write the simpler (G(A))~! even though inversion map is z — 27 1.

Operator and SRG transformations
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Convergence analysis: proximal point

Consider
find 0 € Ax,
zER™

where A is maximal p-strongly monotone. PPM

k+ k

2T = Joax

converges exponentially with rate

k
1
ka _x*” < (1+a/u,> ||x0_x*||

for @ > 0 by the following Proposition 5.

Proposition 5.
Let pu € (0,00) and o € (0,00). If A= M,, then I, 4 C L for

1
R = .
1+ap

Result is tight in the sense that J,.4 SZ Ly for any smaller value of R.



Proof. By Theorems 19, 23, and 24, we have

The containment holds for R and fails for smaller R. Since Ly is

SRG-full by Theorem 21, the containment of the SRG in C equivalent to

the containment of the class.

Operator and SRG transformations

O

43



Convergence analysis: DRS
Consider
find 0€ (A+B)z,
rER™
where A € M, NCg and B € M are maximal monotone. DRS
Zk+1 = (%]I + %IRCVAIR()L]B) Zk

converges exponentially with rate

k
1 1 4oy
E_ x| < | Z Z. 1= 0_ _x
I 2l < 2 + 2 14 2ap+ @?u/B 127 = 2|

for a > 0 by the following Proposition 6 and Exercise 13.9.

Proposition 6.
Let 0 < p<1/B < o0 andae(0,00). If A=M,NCg, then

Roa € Ly for
dap
R=,/1- .
\/ 14 2apu+a?u/p

Result is tight in the sense that Ro4 ¢ Lp for any smaller value of R.




Proof. By Theorems 19, 23, and 24,

I
I
I
| s

\\\ G(I4+aA) ///

N
N
|
—
~
o
+

A~

N
S 9@Iaa-D) L
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A closer look gives us

o _ dop
= \/1 1+2ap+a?p/B

. G(Lr) \

To clarify, B is the center of the circle with radius BA and C is the
center of the circle with radius C'A.
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By Stewart's theorem, we have

ap
14+op

0% oC - AB’ +BO- CA —BO-0OC - BC
BC
2
. oz-‘rﬂ (l_l—i-au) +1 ( _LB) a+,3 1+OéM (%“F
= L a
/3

dap
1+ 204 + ap /B’

Since 2 non-identitcal circles intersect at at most 2 points, and since D is
within circle B, arc ADA’ is within circle O. By the same reasoning, arc
A’'E A is within circle O. Finally, the region bounded by ADA’ U A'EA

(darker shade) is within circle O (lighter shade).

The containment holds for R and fails for smaller R. Since Ly is

SRG-full by Theorem 21, the containment of the SRG in C equivalent to

the containment of the class.

Operator and SRG transformations
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Convergence analysis: DRS on optimization
Consider
minimize [ (2) + 9(x),

where f and g are CCP. Assume f € F, 1 or g € Fp. DRS
22 = Prox,, (%)
2* Y = Prox, s (22412 - 2F)
z
converges exponentially with rate

S R R I
P 11 L—ap| |[1—aLN\ o .
_ P = _
|F z\|_<2+2max T Tou| | THal " — 2"||

by the following Proposition 6 and Exercise 13.9.
Proposition 7.
Let 0 < p< L <ooandace€ (0,00). If A=0F, 1, then Roa C Lp for

b

Result is tight in the sense that Ro4 ¢ Lp for any smaller value of R.

1-— 1—al
e 5

1+ap| |14+ al




Proof. By Theorems 20, 23, and 24, we have

A~

G(I+aA)

N
|
-
—4

2z—1
—

G(LR) /

R=max{| 58| | 1z2L|}




The containment holds for R and fails for smaller R. Since Ly is

SRG-full by Theorem 21, the containment of the SRG in C equivalent to
the Since Lg is SRG-full by Theorem 21, the containment of the SRG in
C equivalent to the containment of the class. O

Operator and SRG transformations 50



Sum of operators

Lline segment between z,w € C:
[z,w] ={0z+ (1 —O)w |6 € [0,1]}.

SRG-full class A satisfies the chord property if z € G(A)\{oo} implies
[2,2] € G(A).

Theorem 25.
Let A, B be SRG-full classes such that co ¢ G(A),c0 ¢ G(B). Then

G(A+B) 2 G(A)+G(B).
If A or B furthermore satisfies the chord property, then

G(A+B)=G(A) +G(B).
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Composition of operators
Right-hand arc between z € C and Z:

Arct(z,2) = {rei(l_%)“’ ’ z=re pc (—mm],0c0,1],r> 0}

Left-hand arc between 2z € C and z:

Arc™(2,2) = —Arct (—z, —2).

An SRG-full class A respectively satisfies the left-arc property and
right-arc property if z € G(A)\{oco} implies Arc™(z,z) C G(A) and
Arct(z,2) C G(A), respectively. A satisfies an arc property if the left or
right-arc property is satisfied.



Composition of operators

Theorem 26.
Let A and B be SRG-full classes such that oo ¢ G(A), 0 # G(A),
oo ¢ G(B), and O # G(B). Then

G(AB) 2 G(A)G(B).
If A or B furthermore satisfies an arc property, then

G(AB) = G(BA) = G(A)G(B).

Operator and SRG transformations
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Averagedness coefficients

Averagedness coefficients
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Composition of averaged operators

Theorem 27.

Let T, and Ty be 61- and 05-averaged operators on R™ with
01,05 € (0,1). Then T Ty is 0-averaged with

. 01 + 6o — 2010,

0
1—-6,0

Averagedness coefficients 55



Proof of Theorem 27
Note

2€GNy) & |z—(1-0)?<6 < |2*<1-

by Theorem 19 and

¥|1_Z‘2

92—|z—(1—9)2:9(1—1_9|1—z|2—|22>.

0
Let z; € G(Np,) and 22 € G(Np,). Then

1-6
|z120|% < |22)? (1 - - z1\2)
1

1—6, , 1—6 .
<1-— 1-— — 1—
< 0 |1 — 22| 0 11— z1]7|22]
1-6 2 0102 1—-61 — 0>
—1-—"—""n- _ 1 _ 1-
1 7 | z122| 0+ 0y — 2010 7 ( 21)22 o ( 22)

1—
S 1-— Tell —Z1Z2|2

and z129 € G(Np), i.e., G(No, )G(Ny.,) C G(N(Gy)).



Proof of Theorem 27

Since N, satisfies an arc property, G(Np, )G(Ny,) = G(Ng, No,) by
Theorem 26. So

G(No, No,) = G(Np,)G(No,) C G(No),
implies Ny, Ny, C Ny by SRG-fullness of Np. O
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Alternate proof outline of Theorem 27
G(Ny,)G(Ny,) is enclosed by the outer curve defined by

r(p)? = 2r(¢)(cos(p) (1 = 61)(1 — 02) + 6162) + (1 — 261)(1 — 265) = 0.




Alternate proof outline of Theorem 27

The disk G(Np) with 6 = % contains this region so
G(Ny,)G(No,) € G(Np). On the other hand, the two shapes have
matching curvature at 1, the inclusion does not hold with smaller 6. [

Averagedness coefficients 59



Davis—Yin splitting

Theorem 28.

Assume A, B, and C are maximal monotone. Assume C is [3-cocoercive
and « € (0,28). The DYS operator 1 — Jop + Jon(Rap — @Clyp) is
0-averaged with

28

0= .
48 — «
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Proof of Theorem 28

Lemma 5.
For 0 € (0,1), T is 6-averaged if and only if

2 o 1-0 2 n
1Tz = Tyl* < llz —yll" = —=ITz —z =Ty +4* Vv, 2,y €R™

Proof. Note T is f-averaged if and only if %’JF — (% — 1) Tis
nonexpansive. The claim follows from

0> it 1y W
=197 \g T T 4

1 1-6
— 5 (I = Tl 22T = Ty - e ?)

2
— = —yll?
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Proof of Theorem 28

For any 20,30 € R™, let

2% =I5 (2°) V2% = 1,8(2°)
2t = Jan(22Y/? — 28 — aCxl/?) it = Daa (2212 — 28 — aCil/?)
Z1:z0+$1_x1/2 21220_‘_3’}1_&}1/2.
Define
Bal/? — l(zo e Bal/? — 1(20 #1/2)
« «
~ 1 ~ 1
Az' = a(2:c1/2 — 2oz -2 | AR = 5(2@1/2 — 5" —aCs'/? -

Averagedness coefficients
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Proof of Theorem 28

which implies

Bz'/? € B2!/? B#!'/? € B#!/?
Az' € Azt Ai' € AZ'.
Then
1 12 _ 0_A02_1_9 1.0 21, 202
l2" = 207 = =" = 277 = —5=lla" = 27 = 27 + 27|

—20(Az' — Az, 2t — &) — 2a(Bx/? — Bzl 2% — 31/2)

=20 ((Ca'/? - €3V, 512 - 312 - pca? — ¢V )

2 2
— 2 ||Az! — Az! + Bal/2 - BiV/? - 267_0‘(&:1/2 - Ci'/?)
20 e
1-40
S ||ZO _ 2?0”2 _ THZl _ ZO _ 21 _1_20”27

where the inequality follows from monotonicity of A and B and
B-cocoercivity of C. Finally, the claim follows from Lemma 5. O



SRG of DYS

Let

Top={I1—Jop +Jaa(Rap — aClag) |A,B € M, C € Cs}.

be the class of DYS operators. Theorem 28 states G(74,3) C g(/\/ 28

for a € (0,28) One can furthermore show

G(Tas) =6 (N 25 ) =

Averagedness coefficients
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Proofs of SRG theorems

Proofs of SRG theorems
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Operator from SRG

G(-) maps A to a subset of C. Below conversely maps z to A, such that
z € G(A,).

Lemma 4.
Take any z = z, + z;i € C. Define A,: R? = R? and Ao : RZ = R? as

A. |:<1:| _ |:Zr<1 - ZiCQ:| A(z) = { R2 ifz=0

G2 zrCo + 2iC1 ) otherwise.

Then,
G(A.) ={zz},  G(Ax)={oo}.

If 2 identifies R? with C,
l:x] ~ yi
Yy ’

then A, is complex multiplication with z:

Az |:21:| = Z(Cl + CQZ)
2
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Proof of Lemma 4

Write z = r,e'%=. Consider any z,y € R? where 2 # y and define
u = A,x and v = A,y. Then we can write

]

where r,, > 0, and
w— = Az = y) 2oy,
This gives us

[ — o
ll =yl

=r,, Llu—v,z—y)=10.], GA {rz 0= r.e ’Z}.

Now consider A.. By definition, co € G(A). For any u € Az and
v € Ay, we have z = y = 0, and therefore G(A) contains no finite
z € C. We conclude G(Ay) = {o0}. O
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Proof of Theorem 19

Characterize G(M). For any A € M,

(u—v,z—y)

Rez =
|z — yll?

>0, VueAzx,ve Ay, x #y.

(Cf. page 10.) Therefore, G(A)\{occ} C {z| Rez > 0}. On the other
hand, given any z € {z| Rez > 0}, the operator A, of Lemma 4 satisfies
(A,x — A,y,v —1y) >0 forany x,y € R?, ie, A, € M, and

G(A.) ={z, z}. Therefore, z € G(A,) C G(M), and we conclude

{z| Rez > 0} C G(M). Finally, note that co € G(M) is equivalent to

saying that there exists a multi-valued operator in M. The A, of
Lemma 4 is one such example.

The other SRGs follow from a similar reasoning. O
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Proof outline of Theorem 20

0F0,00 C M and Theorem 19 implies
G(0F0.00) CG(M)={2€C|Rez>0}U{oo}.

With basic computation, we can verify f: R? — R defined by
f(z,y) = |x| satisfies G(0f) = {z € C| Rez > 0} U {oo}. This tells us
{z€C|Rez>0}U{o0} CG(0F0,c0)-

The other SRGs follow from a similar reasoning. O
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Proof of Theorem 22

Since A and B are SRG-full

Gg(€) CGgANB)CGA)NGHB) = G(€) < G(A and G(C) C G(B)
= CeAdandCeB
= CeANnB

for an operator C, and we conclude A N B is SRG-full.

Assume z € C satisfies {z,z} C G(A) NG(B). Then A, of Lemma 4
satisfies G(A,) = {z,2} C G(A) NG(B). Since A and B are SRG-full,
A, Aand A, € Band {z,zZ} =G(A,) CG(ANB). If

oo € G(A) N G(B), then a similar argument using A, of Lemma 4
proves oo € G(AN B). Therefore G(A) NG(B) C G(AN B). Since the
other containment G(A N B) C G(A) N G(B) holds by definition, we have
the equality. O
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Proof of Theorem 23

G(aA) = aG(A) follows from the definition of the SRG, and
G(I+A) =1+ G(A) follows from

[Pia—yy (u— )|
[l =yl

(u—v,z—1y)

Rez =
|z — yll?

, Imz =+

The scaling and translation operations are reversible and

G((1/a)A) = (1/a)G(A) and G(A —1T) = G(A) — 1. For any

B: R" = R"”,

G(B) CG(aA) = G((1/a)B) CG(A) = (1/a)Be A = B € aA,

and we conclude a.A is SRG-full. By a similar reasoning, T+ A is
SRG-full. O
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Proof of Theorem 24

The equivalence of non-zero finite points, i.e.,

G(ATH\{0,00} = (G(A)\ {0,00}) 7"

follows from

G(A)\{0, 00} = {”“ —l

o=l exp [+id(u — v,z — y)] ’ (z,u),(y,v) E A,z £y, uF v}

and
“\{0, 00}

{ _yHexpﬂa y,u—v)]‘(u,x)v(v,y)EA_lvﬂv?éy,U?éU}

{”UZH exp [£i4(u — v,z — )] ‘(w,u),(y,v) EA, xz#y, u;év}

= (G(A)\{0,00}) "
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Proof of Theorem 24

The equivalence of the zero and infinite points follow from

xEGA) & F(x,u),(x,v) €A, u;év
& I(uwz),(v,z) e AT utv
& 0egG(A™).

With the same argument, we have 0 € G(A) & oo € G(A™1).

The inversion operation is reversible. Therefore, for any B: R™ = R™,

GB)CGA™) = GBHCGA = B led = BeAl,

and we conclude A~ is SRG-full.
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Spherical triangle inequality

Spherical triangle inequality: |0 — | < <0+ ¢

For any nonzero a,b,c € R™,
|Z(aa b) - é(b? C)| < Z(G,C) < é(a’ b) + Z(ba C).
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Proof of Theorem 26

We first show G(AB) 2 G(A)G(B). Assume G(A) # 0 and G(B) # 0 as
otherwise there is nothing to show. Let z € G(.A) and w € G(B) and let
A, and A, be their corresponding operators as defined in Lemma 4.
Then it is straightforward to see that A,A,, corresponds to complex
multiplication with respect to zw, and zw € G(A.A,,) C G(AB).
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Proof of Theorem 26

Next, we show G(AB) C G(A)G(B). Let A € A and B € 5. Consider
(u, ), (v,t) € A and (z,u), (y,v) € B, where z # y. This implies
(z,s),(y,t) € AB. Define

_Js—tl
[l = yll
Consider the case ©w = v. Then 0 € G(B). Moreover, s = t, since A is
single-valued (by the assumption co ¢ G(.A)), and z = 0. Therefore,
z=0¢€G(A)G(B).

Next, consider the case u # v. Define

exp [i£(s —t,x —y)].

_llu—v]
le—yl

Clls=tll s,
=l

iR
b

) ZB
where o4 = Z(s — t,u —v) and g = L(u — v, x — y).
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Proof of Theorem 26

Consider the case where A satisfies the right-arc property. Using the
spherical triangle inequality (further discussed in the appendix) we see
that either ¢4 > pp and

[ls =t [lu—of

exp [i[pa — ¥B,va + ¢B]]
Ju =l [z =yl

s — ¢ [lu— o]l

C exp [ilpp — va, B + 4l
u— vl lz =yl

= zpArct (24,%1)
or o4 < pp and

lls =t [lu—of

exp il — @A, 0B + @al]
[u = |z -y

= zpArct (24,%2).
This gives us
z€ zp Arct(za,%Za) C G(A)G(B).
——
€9(B)  cg(A)
That z € G(A)G(B) follows from the same argument. That
z,Z € G(A)G(B) when instead B satisfies the right-arc property follows

v FhAa carma Arer e and



Proof of Theorem 26

Putting everything together, we conclude G(AB) = G(A)G(B) when A
or B satisfies the right-arc property. When A satisfies the left-arc
property, —A satisfies the right-arc property. So

—G(AB) = G(—AB) = G(-A)G(B) — G(A)G(B)

by Theorem 23, and we conclude G(AB) = G(A)G(B). When B satisfies
the left-arc property, B o (—1I) satisfies the right-arc property. So

—G(AB) = G(AB o (—1)) = G(A)G(B o (-1)) = =G(A)G(B)

by Theorem 23, and we conclude G(AB) = G(A)G(B). O
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